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ABSTRACT 
Fundamental solutions for two- and three-dimensional linear isotropic size-dependent 
couple stress elasticity are derived, based upon the decomposition of displacement fields 
into dilatational and solenoidal components.  While several fundamental solutions have 
appeared previously in the literature, the present version is for the newly developed fully 
determinate couple stress theory.  Within this theory, the couple stress tensor is skew-
symmetrical and thus possesses vectorial character.  The present derivation provides 
solutions for infinite domains of elastic materials under the influence of unit concentrated 
forces and couples.  Unlike all previous work, unique solutions for displacements, 
rotations, force-stresses and couple-stresses are established, along with the corresponding 
force-tractions and couple-tractions.  These fundamental solutions are central in analysis 
methods based on Green’s functions for infinite domains and are required as kernels in 
the corresponding boundary integral formulations for size-dependent couple stress elastic 
materials. 
 
1.  Introduction 
 
1.1 Background 
It has long been suggested that the strength of materials has size-dependency in smaller 
scales.  Consequently, a number of theories that include either second gradients of 
deformation or extra rotational degrees of freedom, called microrotation, have been 
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proposed to capture this size-effect.  These developments have impacts at the finest 
continuum scales, such as micro- and nano-scales, which in turn can affect modern 
micro- and nano-technology.   
 
The inclusion of the above new measures of deformation requires the introduction of 
couple-stresses in these materials, alongside the traditional force-stresses.    The possible 
existence of couple-stress in materials was originally postulated by Voigt [1], while 
Cosserat and Cosserat [2] were the first to develop a mathematical model to analyze 
materials with couple-stresses.  The Cosserats developed a general theory by considering 
microrotation, independent of the classical macrorotation.  At first, experts in continuum 
mechanics did not see any necessity for the extra artificial degrees of freedom and 
considered the macrorotation vector as the sole degrees of freedom describing rotation.  
Toupin [3], Mindlin and Tiersten [4], Koiter [5] and others, following this line, 
considered the gradient of the rotation vector, as the curvature tensor, the effect of the 
second gradient of deformation in couple stress elastic materials.  However, there are 
some difficulties with these formulations.  The more notable ones relate to the 
indeterminacy of the spherical part of the couple-stress tensor and the appearance of the 
body couple in constitutive relations for the force-stress tensor [4].  For isotropic elastic 
materials, there are two size dependent elastic constants required in this theory.  
However, the linear equilibrium equations in terms of displacements inexplicably involve 
only one of these constants.  This inconsistent theory usually is called the indeterminate 
couple stress theory in the literature (Eringen [6]) and clearly cannot be used as a basis 
for reliable prediction of material behavior. 
 
As a result of the inconsistencies noted above, a number of alternative theories have been 
developed.  One branch revives the idea of microrotation and is called micropolar 
theories (e.g., Mindlin [7]; Eringen [6]; Nowacki [8]).  However, these theories exhibit 
inconsistencies, because microrotation is not a true continuum mechanical concept.  The 
effect of the discontinuous microstructure of matter cannot be represented mathematically 
by an artificial continuous microrotation.  The other main branch, labeled second gradient 
theories, avoids the idea of microrotation by introducing gradients of strain or rotation 
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(e.g., Mindlin and Eshel [9]; Lazar et al. [10]).  Although these theories use true 
continuum representations of deformation, the resulting formulations are not consistent 
with correct boundary condition specifications and energy conjugacy requirements. 
 
Recently, the present authors [11] have resolved all of the above difficulties and have 
developed the consistent couple stress theory for solids.  It has been shown that a 
consistent size-dependent continuum mechanics should involve only true continuum 
kinematical quantities without recourse to any additional artificial degrees of freedom.  
By using the definition of admissible boundary conditions, the principle of virtual work 
and some kinematical considerations, we have shown that the couple-stress tensor has a 
vectorial character and that the body couple is not distinguishable from the body force.  
The work also demonstrates that the stresses are fully determinate and the measure of 
deformation corresponding to couple-stress is the skew-symmetrical mean curvature 
tensor.  This development can be extended quite naturally into many branches of 
continuum mechanics, including, for example, elastoplasticity and piezoelectricity.  
However, the first step is the development of infinitesimal linear isotropic elasticity, 
which involves only a single size-dependent constant.   
 
Since this theory is much more complicated than Cauchy elasticity, analytical solutions 
are rare and, consequently, numerical formulations are needed to solve more general size-
dependent couple stress elastic boundary value problems.  Interestingly, it seems the 
boundary element method is a suitable numerical tool to solve a wide range of couple 
stress elastic boundary value problems.  However, this requires the free space Green’s 
functions or fundamental solutions as the required kernels to transform the governing 
equations to a set of boundary integral equations.  These fundamental solutions are the 
elastic solutions for an infinitely extended domain under the influence of unit 
concentrated forces and couples.  The importance of these fundamental solutions is 
enhanced further, when we notice that the free space Green’s functions play a direct role 
in the solution of many practical problems for infinite domains. 
 
 4
Mindlin and Tiersten [4] have given the necessary potential functions for obtaining the 
three-dimensional displacement fundamental solutions in the indeterminate isotropic 
elasticity.  Chowdhury and Glockner [12] provide analogous functions by a matrix 
inversion technique for steady state vibration.  Interestingly, we find that our linear 
equilibrium equations in terms of displacements in the determinate theory are identical to 
those of Mindlin and Tiersten [4].  This means the above displacement solutions are valid 
in our determinate theory.  However, due to the indeterminacy of stresses, appearance of 
body couples independent of body force and existence of two size-dependent elastic 
constants, the corresponding stresses were not obtainable within previous couple stress 
theory. 
 
In the present work, we obtain all two- and three-dimensional displacement and stress 
fundamental solutions for our consistent isotropic couple stress elasticity. Within this 
theory, everything is fully determinate and depends on only a single size-dependent 
material constant.  For the three-dimensional case, we derive the displacement kernels 
directly by a decomposition method and then determine the corresponding stresses. 
  
Two-dimensional stress fundamental solutions have been presented in Huilgol [13] only 
for concentrated force, based on the indeterminate couple-stress theory developed by 
Mindlin [14,15].  Reference [11] shows that some of these developments for plane 
problems remain useful in our determinate couple stress elasticity.  However, we should 
remember in Mindlin’s theory, there is an extra material constant, along with 
indeterminacy in the spherical part of the couple-stress tensor.  Here we derive the 
complete two-dimensional fundamental solutions for point force and point couple, 
including displacements, force- and couple-stresses with a method similar to that used in 
the three-dimensional case. 
 
Before continuing with the development for couple stress elasticity, we should mention 
the work by Hirashima and Tomisawa [16], Sandru [17] and Khan et al. [18] to develop 
fundamental solutions within the framework of micropolar elasticity.  Although their 
results have some similarities to our fundamental solutions, we should emphasize once 
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again that microrotations are not a fully consistent continuum mechanics concept.  
Consequently, these solutions are of limited practical utility. 
 
1.2 Basic Equations  
Let us assume the three-dimensional coordinate system 321 xxx  as the reference frame 
with unit vectors 1e , 2e  and 3e .  Consider an arbitrary part of the material continuum 
occupying a volume V  enclosed by boundary surface S .  In a continuum mechanical 
theory for size-dependent couple stress materials, the equations of equilibrium become                                    
       0, =+ ijji Fσ                                                            (1) 
                                                      0, =+ jkijkjji σεμ                                                         (2) 
where jiσ   and jiμ  are force- and couple-stress tensors, and iF  is the body force per unit 
volume of the body.  Within this theory, the force-stress tensor is generally non-
symmetric and can be decomposed as 
                   ( ) [ ]jijiji σσσ +=                                                         (3)         
where ( )jiσ and [ ]jiσ  are the symmetric and skew-symmetric parts, respectively.  In [11], 
we have shown that in a continuum mechanical theory, the couple-stress tensor is skew-
symmetrical.  Thus, 
                          ijji μμ −=                                                            (4) 
 
Therefore, the couple-stress vector iμ  dual to the tensor ijμ  can be defined by 
                                         kjijki μεμ 2
1=                                                          (5) 
where we also have 
                                               jikijk μμε =                                                           (6) 
 
Then, the angular equilibrium equation gives the skew-symmetric part of the force-stress 
tensor as 
                 [ ] [ ]jiji ,μσ −=                                                          (7) 
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We can consider the axial vector is  dual to [ ]jiσ , where  
[ ]kjijkis ,2
1 σε=                                                          (8) 
which also satisfies 
                       [ ]jikijk s σε =                                                            (9) 
 
 
It is seen that by using Eqs. (7) and (8), we obtain  
jkijkis ,2
1 με=                                                        (10) 
which can be written in the vectorial form  
μs ×∇=
2
1                                                          (11) 
Interestingly , it is seen that 
0=•∇ s                                                           (12) 
 
The force-traction vector at a point on a surface with unit normal vector in  can be 
expressed as 
                               ( ) jjini nt σ=                                                          (13) 
 
Similarly, the moment-traction vector can be written 
                          ( )ni ji j ijk j km n nμ ε μ= =                                                 (14) 
which can also be written in the vectorial form 
                               ( ) μnm ×=n                                                         (15) 
 
Reference [11] shows that in couple stress materials, the body couple is not 
distinguishable from the body force.  The body couple iC  transforms into an equivalent 
body force jkijkC ,2
1 ε  in the volume and a force-traction vector kjijk nCε2
1  on the 
bounding surface.  In vectorial form, this means 
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1
2
+ ∇ →F ×C F          in   V                                            (16) 
and 
   ( ) ( )1       on  
2
n n S+ × →t C n t                                           (17) 
This is the first important result required for the development of the fully determinate 
couple stress theory. 
  
In addition, there is a need to introduce the appropriate kinematical and constitutive 
relations.  As an initial step, the displacement gradients are decomposed into symmetrical 
and skew-symmetrical components, such that 
,i j ij iju e ω= +                              (18) 
where 
 ( ) ( )ijjijiij uuue ,,, 21 +==                                     (19) 
 [ ] ( )ijjijiij uuu ,,, 21 −==ω                (20) 
Since the rotation tensor ijω  is skew-symmetrical, one can introduce a dual rotation 
vector, such that 
1
2i ijk kj
ω ε ω=                                 (21) 
In the usual infinitesimal Cauchy elasticity, only the symmetric strain tensor ije  
contributes to the stored energy.  However, in the size-dependent couple stress elastic 
theory, mean curvatures ijκ  also play a role, where 
[ ] ( )ijjijiij ,,, 21 ωωωκ −==                                         (22) 
From Eq. (7), one can recognize that the mean curvature tensor is skew-symmetrical and 
thus can be rewritten in terms of a dual mean curvature vector [11], where 
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1
2i ijk kj
κ ε κ=                      (23) 
 
Reference [11] derives the general constitutive relations for an elastic material, when 
stored energy is expressed in terms of the symmetrical strain tensor ije  and the mean 
curvature vector iκ .  Interestingly, for linear isotropic elastic media, the following 
constitutive relations can be written for the force-stress and couple-stress, respectively 
 ( ) ijijkkji ee μδλσ 2+=                                                  (24) 
ii ηκμ 8−=                                                    (25) 
and therefore 
[ ] [ ] [ ] kijkijjiji ωηεηκμσ 2,, 28 ∇==−=                                     (26) 
Here λ  and μ  are the usual Lamé elastic moduli, while η  is the sole additional 
parameter that accounts for couple stress effects in an isotropic material.  It is seen that 
these relations are similar to those in the indeterminate couple stress theory (Mindlin, 
Tiersten [4]; Koiter [5]), when the two size-dependent properties have the relation 
ηη −=′ .  Thus, in [11], we have derived couple stress theory with only one single size-
dependent constant in which all former troubles with indeterminacy disappear.  There is 
no spherical indeterminacy and the second couple stress coefficient η′  depends on η , 
such that the couple-stress tensor becomes skew-symmetric.  Interestingly, the ratio 
2lημ =                                                             (27) 
specifies a characteristic material length l , which is absent in Cauchy elasticity, but is 
fundamental to the small deformation size-dependent elasticity theory under 
consideration here.  It should be also noticed that  
       ν
νμλ
21
2 −=                                                 (28) 
where ν  represents the usual Poisson ratio.  Therefore, Eq. (24) can be written as 
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 ( ) ⎟⎠
⎞⎜⎝
⎛ +−= ijijkkji ee δν
νμσ
21
2                                               (29) 
and the total stress tensor becomes 
 kijkijijkkji lee ωεμδν
νμσ 222
21
2 ∇+⎟⎠
⎞⎜⎝
⎛ +−=                                     (30) 
 
By using the relations in Eqs. (19) and (21), this tensor can be written in terms of 
displacements as 
   ( )ijjiijjiijkkji uuuuu ,,2,,,21 2 −∇−⎟⎠⎞⎜⎝⎛ ++−= ηδννμσ                              (31) 
 
After substituting Eq. (31) into Eq. (1), we can rewrite the governing differential 
equations in terms of the displacement and body force density fields as 
( )2 2 2, ( ) 0k ki i iu u Fλ μ η μ η+ + ∇ + − ∇ ∇ + =                 (32) 
or in vectorial form as 
       ( ) ( ) 0)( 222 =+∇∇−+•∇∇∇++ Fuu ημημλ                                  (33) 
 
Note that Mindlin and Tiersten [4] previously derived an identical form within the 
context of their indeterminate couple stress theory.  However, recall that the stresses in 
the Mindlin-Tiersten formulation not only involve two parameters η  and η′ , but also are 
indeterminate. 
 
The general solution for the displacement in the indeterminate theory has been derived by 
Mindlin and Tiersten [4].  This can be written 
( ) ( )2 2 2 01 14 1l l Bν ⎡ ⎤= − ∇∇• − ∇ • − ∇ +⎣ ⎦−u B B r B                             (34) 
where the vector function B  and scalar function 0B  satisfy the relations  
( )2 2 21 lμ − ∇ ∇ = −B F                                                 (35) 
2
0Bμ∇ = •r F                                                      (36) 
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Although, remarkably, these remain valid for the determinate couple stress theory, we 
instead use the direct decomposition method in the present work to derive the 
displacement fundamental solutions.  Afterwards, we continue by developing the 
corresponding rotations, curvatures and fully-determinate force- and couple-stresses and 
tractions, which has previously not been possible.  This, in turn, enables the formulation 
of new boundary integral representations and the development of boundary element 
methods to solve a broad range of couple stress elastostatic boundary value problems in 
both two- and three-dimensions. 
  
2.  Fundamental Solutions for Three-Dimensional Case 
In this section, we derive the fundamental solutions for the three-dimensional case.  As 
was mentioned, these are the elastic solutions of an infinitely extended domain under the 
influence of unit concentrated forces and couples.  
 
2.1 Concentrated Force   
Assume that in the infinitey extended material, there is a unit concentrated force at the 
origin in an arbitrary direction specified by the unit vector a.  This concentrated force can 
be represented as a body force 
                ( ) ( )3δ=F x a                                                           (37) 
where ( ) ( )x3δ  is the Dirac delta function in three-dimensional space.  It is known that 
( ) ( )3 2 1
4 r
δ π
⎛ ⎞= −∇ ⎜ ⎟⎝ ⎠x                                                    (38) 
By applying the vectorial relation 
( ) ( ) GGG 2∇−•∇∇=×∇×∇                                            (39) 
for the vector a
rπ4
1− , we decompose the body force as 
2 1
4 4 4r r rπ π π
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= −∇ = ∇× ∇× −∇ ∇•⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
a aF a                                (40) 
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If we consider the decomposition of the resulting displacement Fu  as 
( ) ( )21 uuu +=F                                                         (41) 
where ( )1u  and ( )2u  are the dilatational and solenoidal part of displacement Fu  satisfying  
( ) 01 =×∇ u                                                             (42) 
( ) 02 =•∇ u                                                             (43) 
It is seen that  
( ) ( ) ⎟⎠
⎞⎜⎝
⎛ •∇∇=∇+
rπμλ 42
12 au                                                 (44) 
( ) ( ) ⎟⎠
⎞⎜⎝
⎛ ×∇×∇=∇−∇∇
rπμη 4
22222 auu                                           (45) 
If we introduce two vectors ( )1A  and ( )2A , such that 
( ) ( )( )11 Au •∇∇=                                                          (46) 
( ) ( )( )
( )( ) ( )222
22
AA
Au
∇−•∇∇=
×∇×∇=
                                                       (47) 
 
It is seen that they satisfy the conditions in Eqs. (42) and (43), respectively, and therefore 
( ) ( )122
4 r
λ μ π+ ∇ =
aA                                                                 (48) 
( ) ( )
rπμη 4
22222 aAA =∇−∇∇                                                 (49) 
It is obvious that the solutions should be in the form 
 
( ) aA ϕ=1                                                                         (50) 
( ) aA ψ=2                                                                         (51) 
 
where ϕ  and ψ  are  scalar functions of r  having radial symmetry.  Therefore,  
( )rμλπϕ 24
12
+=∇                                                    (52) 
2 2 2 1
4 r
η ψ μ ψ π∇ ∇ − ∇ =                                                 (53) 
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where 2∇  is the laplacian operator in three dimensions.  Because of radial symmetry, it 
reduces to  
⎟⎠
⎞⎜⎝
⎛=+→∇
dr
dr
d
d
rdr
d
rdr
d 2
22
2
2 12                                          (54)
 
 
The regular solutions to the Eqs. (52) and (53) are
 
( ) rμλπϕ 28
1
+=                                                    (55) 
r
r
e lr
πμπμ
ηψ
8
11
4
/
2 −−=
−
                                           (56) 
Therefore, we have 
( ) ( ) aA rμλπ 28
11
+=                                                  (57) 
( ) aaA r
r
el lr
πμπμ 8
11
4
/2
2 −−−=
−
                                        (58) 
 
It is seen that from Eq. (46) 
( ) ( )
1
2
1 1
8 2
i q
i iq q
x x
u a
r r
δπ λ μ
⎛ ⎞= −⎜ ⎟+ ⎝ ⎠
                                      (59) 
By using the relation in Eq. (28), we have 
ν
νμμλ
21
122 −
−=+                                                   (60) 
and Eq. (59) can be written as 
( ) ( )
1
2
1 2 1
16 1
i q
i iq q
x x
u a
r r
ν δπμ ν
⎛ ⎞−= −⎜ ⎟− ⎝ ⎠
                                    (61) 
 
It is also seen that from Eq. (47) 
( ) ( )( ) aAu
r
e lr /22 1
4
1 −−+•∇∇= πμ                                        (62) 
Therefore 
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( ) 2 2 22 / /
2 2 23
2
1 3 3 3 1 1
4
1 1
8
i qr l r l
i iq q
i q
iq q
x xl r r r ru e e a
l lr l r l
x x
a
r r
δπμ
δπμ
− −⎡ ⎤⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪ ⎪ ⎪= + + − + − + +⎢ ⎥⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥⎪ ⎪ ⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭ ⎩ ⎭⎣ ⎦
⎛ ⎞+ +⎜ ⎟⎝ ⎠
       (63) 
 
and for the total displacement, we have 
( ) ( ) ( ) ( )
1 2
2
2 2 2
/ /
2 2 23
1 1 3 4
16 1
1 3 3 3 1 1
4
i qF
i i i iq q
i qr l r l
iq q
x x
u u u a
r r
x xl r r r re e a
l lr l r l
ν δπμ ν
δπμ
− −
⎡ ⎤= + = − +⎢ ⎥− ⎣ ⎦
⎡ ⎤⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪ ⎪ ⎪+ + + − + − + +⎢ ⎥⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥⎪ ⎪ ⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭ ⎩ ⎭⎣ ⎦
      (64) 
It should be noticed that the first part of this relation is the displacement from Cauchy 
elasticity.  However, in our determinate theory, we can derive determinate stresses.  
These force- and couple-stresses are developed in the following.   
 
As a first step in that direction, we find that the gradient of displacement from Eq. (64) is  
( ), 2 3
2 3
/
2 3 3
2
4
2
/
2
2
31 1 3 4
16 (1 )
15 15 15 6
1
4
3 3 3
1 1 1
4
j ij q jq i i j qF
i j iq q
i j qr l
q
ij q jq i iq jr l
x x x x x x
u a
r rr r
x x xr r r e
l l l rl a
r x x xr r e
l rl
r
δ δν δπμ ν
πμ δ δ δ
πμ
−
−
+⎡ ⎤= − − + −⎢ ⎥− ⎣ ⎦
⎡ ⎤⎧ ⎫⎛ ⎞⎪ ⎪− + + +⎢ ⎥⎨ ⎬⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎩ ⎭+ ⎢ ⎥⎧ ⎫⎢ ⎥+ +⎛ ⎞⎪ ⎪+ + + −⎢ ⎥⎨ ⎬⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎩ ⎭⎣ ⎦
+ + / jr l iq q
xr e a
l r
δ−⎛ ⎞⎜ ⎟⎝ ⎠
             (65) 
 
Therefore, the strain tensor becomes  
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( )
( )
,
2 3
2 3
/
2 3 3
4
2
/
2
2
2 31 1 3 4
16 (1 ) 2 2
15 15 15 6
1
4
3 3 3
F F
ij i j
j iq i jq ij q jq i j iq i j q
q
i j qr l
ij q jq i iq jr l
e u
x x x x x x x x
a
r rr r
x x xr r r e
l l l rl
r x x xr r e
l rl
δ δ δ δ δνπμ ν
πμ δ δ δ
−
−
=
+ + +⎡ ⎤= − − + −⎢ ⎥− ⎣ ⎦
⎡⎧ ⎫⎛ ⎞⎪ ⎪− + + +⎢⎨ ⎬⎜ ⎟⎢⎪ ⎪⎝ ⎠⎩ ⎭+ ⎢ ⎧ ⎫⎢ + +⎛ ⎞⎪ ⎪+ + + −⎢ ⎨ ⎬⎜ ⎟⎪ ⎪⎢ ⎝ ⎠⎩ ⎭⎣
/
2
1 1 1
8
q
i jq j iqr l
q
a
x xr e a
l rr
δ δ
πμ
−
⎤⎥⎥⎥⎥⎥⎥⎦
+⎛ ⎞+ +⎜ ⎟⎝ ⎠
    (66) 
 
Now,  it is easily seen that 
q
qF
kk
F
kk ar
x
ue 3, )1(8
21
νπμ
ν
−
−−==                                                  (67) 
 
Therefore, the symmetric part of force-stress tensor becomes  
( )
( )2 3
2 3
/
2 3 3
2
4
2
/
2
2
1 2
31 1 1 2
8 (1 )
15 15 15 6
1
2
3 3 3
F F F
kk ij ijji
j iq i jq q ij i j q
q
i j qr l
ij q jq i iq jr l
e e
x x x x x x
a
rr r
x x xr r r e
l l l rl
r x x xr r e
l rl
νσ μ δν
δ δ δνπ ν
π δ δ δ
−
−
⎛ ⎞= + =⎜ ⎟−⎝ ⎠
+ −⎡ ⎤− − +⎢ ⎥− ⎣ ⎦
⎡⎧ ⎫⎛ ⎞⎪ ⎪− + + +⎢⎨ ⎬⎜ ⎟⎢⎪ ⎪⎝ ⎠⎩ ⎭+ ⎢ ⎧ ⎫⎢ + +⎛ ⎞⎪ ⎪+ + + −⎢ ⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭⎣
/
2
1 1 1
4
q
i jq j iqr l
q
a
x xr e a
l rr
δ δ
π
−
⎤⎥⎥⎥⎥⎥⎢ ⎥⎦
+⎛ ⎞+ +⎜ ⎟⎝ ⎠
                  (68) 
 
For the rotation vector, we have 
( ) ⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−×∇=×∇=×∇=
−
auuω
r
e lrFF /2 1
4
1
2
1
2
1
2
1
πμ                          (69) 
 
which gives 
 
 15
2
/1 1 1 1
8
ipq pF r l
i q
xr e a
l rr
εω πμ
−⎡ ⎤⎛ ⎞= + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦                                                
(70) 
 
 
It is seen that  the mean curvature vector is 
 
,
2 2
/ /
3 2 2 3 2
1
2
1 1 1 13 3 3 1 1
16 16
F F
i ijk k j
i qr l r l
q iq q
x xr r r re a e a
l lr l r r l
κ ε ω
δπμ πμ
− −
=
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= − + + + + + −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
   (71) 
and therefore, for the couple-stress vector, we have 
2
2 2 2 2
/ /
3 2 2 3 2
8
1 13 3 3 1 1
2 2
F F
i i
i qr l r l
q iq q
l
x xl r r l r re a e a
l lr l r r l
μ μ κ
δπ π
− −
= −
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞+ + − − + + −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
=        
(72) 
 
It is seen that the skew-symmetric part of the force-stress tensor becomes 
[ ] [ ] /, 2
1 1 1
4
i jq j iqF F r l
qji i j
x xr e a
l rr
δ δσ μ π
− −⎡ ⎤⎛ ⎞= − = +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦                             (73) 
 
Therefore, the total force-stress tensor is 
( ) [ ] ( )2 3
2 3
/
2 3 3
2
4
2
/
2
31 1 1 2
8 (1 )
15 15 15 6
1
2
3 3 3
1 1
2
j iq i jq q ij i j qF F F
ji qji ji
i j qr l
q
ij q jq i iq jr l
x x x x x x
a
rr r
x x xr r r e
l l l rl a
r x x xr r e
l rl
δ δ δσ σ σ νπ ν
π δ δ δ
π
−
−
+ −⎡ ⎤= + = − − +⎢ ⎥− ⎣ ⎦
⎡ ⎤⎧ ⎫⎛ ⎞⎪ ⎪− + + +⎢ ⎥⎨ ⎬⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎩ ⎭+ ⎢ ⎥⎧ ⎫⎢ ⎥+ +⎛ ⎞⎪ ⎪+ + + −⎢ ⎥⎨ ⎬⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎩ ⎭⎣ ⎦
+ /2 1 i jqr l q
xr e a
l rr
δ−⎡ ⎤⎛ ⎞+⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
       (74) 
 
Interestingly, the force-traction vector becomes 
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( )
( )2 3
2 3
/
2 3 3
2
4
2
/
2
31 1 1 2
8 (1 )
15 15 15 6
1
2
3 3 3
1
2
n F F
i ji j
j j iq i q q i i j q
j q
i j qr l
j
q
i q q i iq j jr l
t n
x n x n x n x x x
n a
rr r
x x xr r r e n
l l l rl a
r n x n x x nr r e
l rl
σ
δνπ ν
π δ
π
−
−
= =
+ −⎡ ⎤− − +⎢ ⎥− ⎣ ⎦
⎡ ⎤⎧ ⎫⎛ ⎞⎪ ⎪− + + +⎢ ⎥⎨ ⎬⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎩ ⎭+ ⎢ ⎥⎧ ⎫⎢ ⎥+ +⎛ ⎞⎪ ⎪+ + + −⎢ ⎥⎨ ⎬⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎩ ⎭⎣ ⎦
+ /21 1 i qr l q
x nr e a
l rr
−⎛ ⎞+⎜ ⎟⎝ ⎠
                 
(75) 
and the moment-traction vector is 
 
( ) 2 2 /
3 2
2
/
3
1 3 3 3
2
1 1 1
F n j j i j pF r l
i ijk j k ipq jpq q
r l
ijq j q
x n x n xl r rm n e a
l r r rr l
l r e n a
lr
ε μ ε επ
επ
−
−
⎡ ⎤⎛ ⎞ ⎛ ⎞= = − + + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞+ + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
      (76) 
 
 
Finally, we can consider the following relations 
 
F F
i iq qu U a=                                                         (77) 
F F
i iq qΩ aω =                                                                    (78) 
F F
ji jiq qaσ = Σ                                                                    (79) 
q
F
iq
F
i aΜ=μ                                                                    (80) 
( )
q
F
iq
Fn
i aTt =                                                                   (81) 
( )
q
F
iq
Fn
i aMm =                                                                 (82) 
where FiqU , 
F
iqΩ , 
F
jiqΣ , 
F
iqΜ , 
F
iqT and 
F
iqM  represent the corresponding displacement, 
rotation , force-stress, couple-stress, force-traction and moment-traction, respectively, at 
x  due to a unit concentrated force in the q -direction at the origin.  It is seen that, these 
Green’s functions are 
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( ) ( ) 2
2 2 2
/ /
3 2 2 2
1 1 3 4
16 1
1 3 3 3 1 1
4
i qF
iq iq
i qr l r l
iq
x x
U
r r
x xl r r r re e
l lr l r l
ν δπμ ν
δπμ
− −
⎡ ⎤= − +⎢ ⎥− ⎣ ⎦
⎡ ⎤⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪ ⎪ ⎪+ + + − + − + +⎢ ⎥⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥⎪ ⎪ ⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭ ⎩ ⎭⎣ ⎦
          (83) 
2
/1 1 1 1
8
ipq pF r l
iq
xr
Ω e
l rr
ε
πμ
−⎡ ⎤⎛ ⎞= + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦                                               
(84) 
 
( )2 3
2 3
/
2 3 3
2
4
2
/
2
2
31 1 1 2
8 (1 )
15 15 15 6
1
2
3 3 3
1 1 1
2
j iq i jq q ij i j qF
jiq q
i j qr l
q
ij q jq i iq jr l
x x x x x x
a
rr r
x x xr r r e
l l l rl a
r x x xr r e
l rl
r
lr
δ δ δνπ ν
π δ δ δ
π
−
−
+ −⎡ ⎤= − − +⎢ ⎥− ⎣ ⎦
⎡ ⎤⎧ ⎫⎛ ⎞⎪ ⎪− + + +⎢ ⎥⎨ ⎬⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎩ ⎭+ ⎢ ⎥⎧ ⎫⎢ ⎥+ +⎛ ⎞⎪ ⎪+ + + −⎢ ⎥⎨ ⎬⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎩ ⎭⎣ ⎦
⎛+ +⎜⎝
Σ
/ j iqr l
q
x
e a
r
δ−⎡ ⎤⎞⎟⎢ ⎥⎠⎣ ⎦
                 (85)  
2 2 2 2
/ /
3 2 2 3 2
1 13 3 3 1 1
2 2
i qF r l r l
iq iq
x xl r r l r re e
l lr l r r l
δπ π
− −⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= + + − − + + −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
Μ
        
(86)
 
 
( ) ( )2 3
2 3
/
2 3 3
2
4
2
/
2
2
31 1 1 2
8 (1 )
15 15 15 6
1
2
3 3 3
1 1 1
2
n F j j iq i q q i i j q
iq j
i q j jr l
i q q i iq j jr l
x n x n x n x x x
T n
rr r
x x x nr r r e
l l l rl
r n x n x x nr r e
l rl
r
lr
δνπ ν
π δ
π
−
−
+ −⎡ ⎤= − − +⎢ ⎥− ⎣ ⎦
⎡ ⎤⎧ ⎫⎛ ⎞⎪ ⎪− + + +⎢ ⎥⎨ ⎬⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎩ ⎭+ ⎢ ⎥⎧ ⎫⎢ ⎥+ +⎛ ⎞⎪ ⎪+ + + −⎢ ⎥⎨ ⎬⎜ ⎟⎪ ⎪⎢ ⎥⎝ ⎠⎩ ⎭⎣ ⎦
⎛+ +⎜⎝
/ i qr l x ne
r
−⎡ ⎤⎞⎟⎢ ⎥⎠⎣ ⎦
                  
(87) 
2 2
/
3 2
2
/
3
1 3 3 3
2
1 1 1
j j i j pF r l
iq ipq jpq
r l
ijq j
x n x n xl r rM e
l r r rr l
l r e n
lr
ε επ
επ
−
−
⎡ ⎤⎛ ⎞ ⎛ ⎞= − + + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞+ + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
                 
(88) 
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2.2 Concentrated Couple 
Assume that in an infinitely extended couple stress elastic material there is a unit 
concentrated couple at the origin in the arbitrary direction specified by the unit vector a.  
Therefore, this concentrated couple can be represented as a body couple 
( ) ( )3δ=C x a                                                           (89) 
  
As was mentioned previously, the effect of a body couple is equivalent to the effect of a 
body force represented by  
( ) ( ) axCF ×∇=×∇= 3
2
1
2
1 δC                                              (90) 
or 
( ) kjijkCi aF ,32
1 xδε=                                                      (91) 
with a vanishing surface effect at infinity.  This shows that the displacement field of the 
concentrated couple ( ) ( )3δ=C x a  is equivalent to the rotation field of the concentrated 
force ( ) ( )3δ=F x a .  Therefore, the solutions of the two problems are related, such that 
F
i
F
jkijk
C
i uu ωε == ,2
1                                                       (92) 
which gives 
/
2
1 1 1 1
8
ipq pC r l
i q
xru e a
l rr
ε
πμ
−⎡ ⎤⎛ ⎞= + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦                                          (93) 
 
From this it is seen that the gradient of the displacement is 
2
/ /
, 3 2 2 3
1 1 1 13 3 3 1 1
8 8
p jC r l r l
i j ipq q ijq q
x xr r ru e a e a
l lr l r r
ε επμ πμ
− −⎡ ⎤⎛ ⎞ ⎡ ⎤⎛ ⎞= − + + + + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎢ ⎥⎝ ⎠⎣ ⎦
     (94) 
 
Therefore, the strain tensor becomes 
( )
2
/
, 3 2
1 1 3 3 3
16
j pC C r l i
ij ipq jpq qi j
x xr r xe u e a
l r r rr l
ε επμ
−⎡ ⎤⎛ ⎞ ⎛ ⎞= = − + + +⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦
               (95) 
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It is interesting to note that  
0, == CkkCkk ue                                                           (96) 
which means the deformation field of a concentrated couple ( )δ=C x a  is 
equivoluminal.  Therefore, the symmetric part of force-stress tensor is 
( )
2
/
3 2 2 2
1 12 3 3 3
8
j p i pC C r l
ij ipq jpq qji
x x x xr re e a
lr l r r
σ μ ε επ
−⎡ ⎤⎛ ⎞ ⎛ ⎞= = − + + +⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦
           (97) 
 
For the rotation vector, we have 
 
,
2
/ /
3 2 2 3
1
2
1 1 1 13 3 3 1 1
16 8
C C
i ijk k j
i qr l r l
iq q iq q
u
x xr r re a e a
l lr l r r
ω ε
δ δπμ πμ
− −
=
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎡ ⎤⎛ ⎞− + + − − + −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦
=
  (98)
 
 
Furthermore, the mean curvature vector is 
/
, 2 2
1 1 1 1
2 32
ipq pC C r l
i ijk k j q
xr e a
l rl r
εκ ε ω πμ
−⎡ ⎤⎛ ⎞= = − +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦                           (99) 
and therefore the couple-stress vector becomes 
2 /
2
1 18 1
4
ipq pC C r l
i i q
xrl e a
l rr
εμ μ κ π
−⎡ ⎤⎛ ⎞= − = +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦                              (100) 
 
The skew-symmetric part of Cji,μ  is 
[ ]
2
/
, 3 2 2 2
/
3
1 1 3 3
8
1 1 1
4
j p i pC r l
ipq jpq qi j
r l
ijq q
x x x xr r e a
lr l r r
r e a
lr
μ ε επ
επ
−
−
⎡ ⎤⎛ ⎞ ⎛ ⎞= − + + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞+ +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
                
(101)
 
 
Therefore, the skew-symmetric part of  force-stress tensor becomes 
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[ ] [ ]
2
/
, 3 2 2 2
/
3
1 1 3 3
8
1 1 1
4
j p i pC C r l
ipq jpq qji i j
r l
ijq q
x x x xr r e a
lr l r r
r e a
lr
σ μ ε επ
επ
−
−
⎡ ⎤⎛ ⎞ ⎛ ⎞= − + + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞− +⎜ ⎟⎢ ⎥
=
⎝ ⎠⎣ ⎦
           (102) 
 
and the total force-stress tensor becomes 
2
/
3 2 3 2 2
/
3
1 3 1 1 3 2 3 3
8 8
1 1 1
4
j p i pC r l
ji ipq q jpq q
r l
ijq q
x x x xr ra e a
lr r r l r
r e a
lr
σ ε επ π
επ
−
−
⎡ ⎤⎛ ⎞= + − + +⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞− +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
             (103)
 
 
Then, the force-traction vector becomes 
( )
2
/
3 2 3 2 2
/
3
1 3 1 1 3 2 3 3
8 8
1 1 1
4
C C
i ji j
j p i pr l
ipq j q jpq j q
r l
ijq j q
t n
x x x xr rn a e n a
lr r r l r
r e n a
lr
σ
ε επ π
επ
−
−
=
⎡ ⎤⎛ ⎞+ − + +⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞− +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
=
       
(104)
 
and the couple-traction vector is given by 
( ) ( ) /
2
1 1 1
4
CC n i jq j iqr l
i ijk j k j q
x xrm n e n a
l rr
δ δε μ π
− −⎡ ⎤⎛ ⎞= = +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦                     
(105) 
 
Therefore, we can consider 
C C
i iq qu U a=
                                                     
(106) 
C C
i iq qΩ aω =
                                                    
(107) 
C C
ji jiq qaσ = Σ
                                                    
(108) 
q
C
iq
C
i aΜ=μ
                                                    
(109) 
( )
q
C
iq
Cn
i aTt =
                                                    
(110) 
( )
q
C
iq
Cn
i aMm =
                                                  
(111) 
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where CiqU , 
C
iqΩ , 
C
jiqΣ , 
C
iqΜ , 
C
iqT and 
C
iqM  represent the corresponding displacement, 
rotation , force-stress, couple-stress, force-traction and moment-traction, respectively, at 
x  due to a unit concentrated couple in the q  direction at the origin.  Therefore, it is 
easily seen that these infinite space Green’s functions are 
/
2
1 1 1 1
8
pC F r l
iq iq ipq
xrU Ω e
l rr
επμ
−⎡ ⎤⎛ ⎞= = + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦                                (112) 
2
/ /
3 2 2 3
1 1 1 13 3 3 1 1
16 8
i qC r l r l
iq iq iq
x xr r r
Ω e e
l lr l r r
δ δπμ πμ
− −⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎡ ⎤⎛ ⎞= − + + − − + −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦     
(113) 
3 2
2
/ /
3 2 2 3
1 3
8
1 1 1 13 2 3 3 1
8 4
j pC
jiq ipq
i pr l r l
jpq ijq
x x
r r
x xr r re e
l lr l r r
επ
ε επ π
− −
=
⎡ ⎤⎛ ⎞ ⎡ ⎤⎛ ⎞+ − + + − +⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎢ ⎥⎝ ⎠⎣ ⎦
Σ
          
(114) 
/
2
1 1 1
4
ipq pC r l
iq
xr e
l rr
ε
π
−⎡ ⎤⎛ ⎞= +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦Μ                                        (115) 
3 2
2
/ /
3 2 2 3
1 3
8
1 1 1 13 2 3 3 1
8 4
j pC
iq ipq j
i pr l r l
jpq j ijq j
x x
T n
r r
x xr r re n e n
l lr l r r
επ
ε επ π
− −
=
⎡ ⎤⎛ ⎞ ⎡ ⎤⎛ ⎞+ − + + − +⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎢ ⎥⎝ ⎠⎣ ⎦
     
(116) 
/
2
1 1 1
4
i q j j iqC r l
iq
x n x nrM e
l rr
δ
π
− −⎡ ⎤⎛ ⎞= +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦                                    
(117) 
 
3.  Fundamental Solutions for Two-Dimensional Case 
In this section, we first present the governing equations of size-dependent couple stress 
elasticity in two-dimensions under plane strain conditions.  Then, we derive the complete 
two-dimensional fundamental solutions in a similar method used in the three-dimensional 
case.  Reference [19] uses these fundamental solutions within a two-dimensional 
boundary element method. 
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3.1 Governing Equations for Two Dimensions   
We suppose that the media occupies a cylindrical region, such that the axis of the 
cylinder is parallel to the 3x -axis.  Furthermore, we assume the body is in a state of 
planar deformation parallel to this plane, such that 
03, =αu , Vu in        03 =                                               (118a,b) 
where all Greek indices, here and throughout the remainder of the paper, will vary only 
over (1,2).  Also, let ( )2V  and ( )2S  represent, respectively, the cross section of the body in 
the 21xx -plane and its bounding edge in that plane. 
 
As a result of these assumptions, all quantities are independent of 3x .  Then, throughout 
the domain 
0=αω , 033 == ii ee , 03 =κ                                            (119a-c) 
and 
033 == αα σσ , 0213 == μμ                                            (120a,b) 
 
Introducing the abridged notation 
αβαβεωω ,3 2
1 u==                                                        (121) 
where αβε  is the two-dimensional alternating symbol with 
0    ,1 22112112 ===−= εεεε                                                          (122) 
Now, it is seen that the non-zero components of the curvature vector are 
βαβα ωεκ ,2
1=
                                                           
(123) 
 
Therefore, the non-zero components of stresses are written 
βαβα ωηεμ ,4−=                                                     (124) 
( ) αβαβγγβα μδλσ ee 2+=                                                     (125) 
[ ] [ ] ωηεμσ αββαβε 2, 2 ∇=−=                                          (126) 
and 
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ωηεμδλσ βααβαβγγβα 222 ∇−+= ee                                    (127) 
All the other stresses are zero, apart from 33σ and αμ3 , which are given as 
γγνσσ =33                                                        (128) 
αα ηωμ ,3 4−=                                                      (129) 
It should be noticed that these stresses in Eqs. (128) and (129), acting on planes parallel 
to the 21xx -plane, do not enter directly into the solution of the boundary value problem.  
 
For the planar problem, the stresses must satisfy the three equilibrium equations 
                               0, =+ αββασ F                                                     (130) 
 0,3 =+ αβαβββ σεμ                                                 (131) 
with the obvious requirement 03 =F .  The moment equation can be written as 
                      [ ] [ ]βαβα μσ ,−=                                                     (132) 
which actually gives the non-zero components 
                      [ ] [ ] [ ]2,11221 μσσ −=−=                                               (133) 
 
We also notice that the force-traction reduces to 
                               ( ) ββαα σ nt n =                                                       (134) 
and the moment-traction has only one component 3m .  This can be conveniently denoted 
by the abridged symbol m , where 
   ( ) ( )
n
nmm nn ∂
∂=== ωημε βαβα 43                                       (135) 
 
3.2 Concentrated Force   
Assume that there is a line load on the x3 axis with an intensity of unity per unit length in 
the arbitrary direction specified by the unit vector a.  This distributed load can be 
represented by the body force 
( ) ( )2δ=F x a                                                          (136) 
where ( ) ( )x2δ  is the Dirac delta function in two-dimensional space.  It is known that 
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( ) ( )x22 ln
2
1 δπ =⎟⎠
⎞⎜⎝
⎛∇ r                                                    (137) 
 
By applying the vectorial relation in Eq. (39) for the vector arln
2
1
π , we decompose the 
body force as 
2 1 ln lnln
2 2 2
r rrπ π π
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ∇ = ∇ ∇• −∇× ∇×⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
a aF a                           (138) 
 
If we consider the decomposition of  displacement Fu as 
( ) ( )21 uuu +=F                                                     (139) 
where ( )1u  and ( )2u  are the dilatational and solenoidal part of the displacement vector 
Fu satisfying  
( ) 01 =×∇ u                                                       (140) 
( ) 02 =•∇ u                                                      (141) 
then it is seen that 
( ) ( ) ⎟⎠
⎞⎜⎝
⎛ •∇−∇=∇+ πμλ 2
ln2 12 au r                                      (142) 
( ) ( ) ⎟⎠
⎞⎜⎝
⎛ ×∇×−∇=∇−∇∇ πμη 2
ln22222 auu r                                  (143) 
 
If we introduce two vectors ( )1A and ( )2A such that 
( ) ( )( )11 Au •∇∇=                                                   (144) 
( ) ( )( )
( )( ) ( )222
22
AA
Au
∇−•∇∇=
×∇×∇=
                                            (145) 
 
which satisfy the conditions of Eqs. (140) and (141), we obtain 
( ) ( ) aA πμλ 2
ln2 12 r−=∇+                                             (146) 
( ) ( ) aAA πμη 2
ln22222 r−=∇−∇∇                                       (147) 
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Then, the solutions are in the form 
( ) aA ϕ=1                                                          (148) 
( ) aA ψ=2                                                          (149) 
where ϕ  and ψ  are scalar functions of r  having two-dimensional radial symmetry.  
Therefore 
( ) rln22
12
μλπϕ +−=∇                                             (150) 
πψμψη 2
ln222 r−=∇−∇∇                                          (151) 
In two-dimensions, with radial symmetry, the laplacian  2∇  reduces to  
dr
d
rr
d 1
2
2
2 +∂→∇                                                 (152) 
The regular solutions to Eqs. (150) and (151) are 
( ) ( )22 ln28 1 rrr −+−= μλπϕ                                       (153) 
( )2202 ln81ln2 rrrrlrKl −+⎥⎦⎤⎢⎣⎡ +⎟⎠⎞⎜⎝⎛= πμπμψ                             (154) 
where 0K  is the modified Bessel function of zeroth order.  Therefore, 
( ) ( ) ( )1 2 21 ln8 2 r r rπ λ μ= − −+A a                                     (155) 
( ) ( )22 2 20 1ln ln2 8l rK r r r rlπμ πμ⎡ ⎤⎛ ⎞= + + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦A a a                           (156) 
 
Then, from Eq. (144) 
          
( ) ( ) ( )
1
2
1 2 2 2ln 1
16 1
x x
u r a
r
α ρ
α αρ ρ
ν δπμ ν
⎡ ⎤−= − + −⎢ ⎥− ⎣ ⎦                             
(157) 
and from Eq. (145) 
( ) ( )( )2 2 01 ln2 rK rlπμ ⎡ ⎤⎛ ⎞= ∇ ∇• − +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦u A a                                  (158) 
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By using the relations  
⎟⎠
⎞⎜⎝
⎛−=⎟⎠
⎞⎜⎝
⎛
∂
∂
l
rK
ll
rK
r 10
1                                              (159) 
⎟⎠
⎞⎜⎝
⎛−⎟⎠
⎞⎜⎝
⎛−=⎟⎠
⎞⎜⎝
⎛
∂
∂
l
rK
rl
rK
ll
rK
r 101
11                                      (160) 
where 1K  is the modified Bessel function of first order, we obtain 
( ) ( )2 2
2 2
0 1 0 12 2 2
1 2 2ln 1
8
1 2 2 1
2 2
x x
u r a
r
x xr l r l r l r lK K a K K a
l r l l r lr r r
α ρ
α αρ ρ
α ρ
ρ αρ ρ
δπμ
δπμ πμ
⎡ ⎤= + − +⎢ ⎥⎣ ⎦
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + − − + −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
  (161) 
 
It should be noticed that there are rigid body translation terms in ( )1αu  and ( )2αu  which 
cannot affect stress distrributions.  These terms can be neglected in this Green’s function 
for stress analysis.  Therefore, by ignoring these rigid body terms and using 
( ) ( )21
ααα uuu
F +=                                                         (162) 
we obtain 
( ) ( ) 2
2 2
0 1 0 12 2 2
1 3 4 ln
8 1
1 2 2 1
2 2
F x xu r a
r
x xr l r l r l r lK K a K K a
l r l l r lr r r
α ρ
α αρ ρ
α ρ
ρ αρ ρ
ν δπμ ν
δπμ πμ
⎡ ⎤= − − −⎢ ⎥− ⎣ ⎦
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + − − + −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
   (163) 
 
For the gradient of displacements, we have 
( ) ( ), 3
2
0 1 2 3
1 3
1 3 4 2
8 1
1 2 2 4
2
1
2
F
q
ij q jq i j iq
q
q
x x x x x x
u a
r r r r
x x x x x xr l r lK K a
r l r l rr r
x x x xrK a
l l r r
β αρ α βρ ρ αβ α β ρ
α β
α β ρ
β αρ α β ρ
δ δ δνπμ ν
δ δ δ
πμ
δ
πμ
+⎡ ⎤= − − − +⎢ ⎥− ⎣ ⎦
+ +⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞+ + − −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞⎛ ⎞+ −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
      (164) 
 
 
Therefore, the strain tensor becomes 
 
 27
( ) ( ) ( ), 3
2
0 1 2 3
1 3
1 1 2 2
8 1
1 2 2 4
2
21
4
F F x x x x x xu e a
r r r r
x x x x x xr l r lK K a
r l r l rr r
x x x x xrK a
l l r r
β αρ α βρ αβ ρ α β ρ
αβ ρα β
αβ ρ βρ α αρ β α β ρ
ρ
βρ α αρ β α β ρ
ρ
δ δ δνπμ ν
δ δ δ
πμ
δ δ
πμ
+⎡ ⎤= = − − − +⎢ ⎥− ⎣ ⎦
+ +⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞+ + − −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
+⎛ ⎞⎛ ⎞+ −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
     (165) 
 
 
This relation shows that 
( ) ρργγγγ νπμ
ν a
r
x
ee F 2
)1()(
14
21
−
−−==                                             (166) 
 
Therefore, the symmetric part of the force-stress tensor is 
( )
( ) ( ) 3
2
0 1 2 3
1 3
2
1 2
1 1 2 2
4 1
1 2 2 4
1 2
2
F F F
q
q
e e
x x x x x x
a
r r r
x x x x x xr l r lK K a
r l r l rr r
x x x x xrK a
l l r r
γγ αβ αββα
βρ α αρ β αβ ρ α β ρ
ρ
αβ ρ βρ α αρ β α β ρ
βρ α αρ β α β ρ
νσ μ δν
δ δ δνπ ν
δ δ δ
π
δ δ
π
⎛ ⎞= + =⎜ ⎟−⎝ ⎠
+ −⎡ ⎤− − +⎢ ⎥− ⎣ ⎦
+ +⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞+ + − −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
+⎛ ⎞⎛ ⎞+ −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
    (167) 
 
 
Next, we consider rotations and note that the only non-zero in-plane component is 
ρ
ααρ
αβαβ
ε
πμεω ar
x
r
l
l
rK
l
u FF ⎥⎦
⎤⎢⎣
⎡ −⎟⎠
⎞⎜⎝
⎛== 1, 4
1
2
1
                                      (168) 
 
Then, the mean curvature components are 
2
, 0 12 2 2
2
0 12 2
1 1 2 2
2 8
1
8
F F x xr l r lK K a
l r ll r r
r l r lK K a
l r ll r
α ρ
α αβ β ρ
αρ ρ
κ ε ω πμ
δπμ
⎡ ⎤⎛ ⎞ ⎛ ⎞= = − + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞+ + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎣ ⎦
                       (169) 
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Therefore, the couple-stress vector becomes
 
2
2 2
0 1 0 12 2 2
8
1 2 2 1
F Fl
x xr l r l r l r lK K a K K a
l r l l r lr r r
α α
α ρ
ρ αρ ρ
μ μ κ
δπ π
= −
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + − − + −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
            (170) 
 
and the skew-symmetric part of the force-stress tensor becomes 
[ ] [ ] ραρββραβαβα
δδ
πμσ ar
xx
l
rK
l
FF −⎟⎠
⎞⎜⎝
⎛=−= 1, 2
1
                                   (171) 
with non-zero components 
[ ] [ ] r
axax
l
rK
l
FF 1221
11221 2
1 −⎟⎠
⎞⎜⎝
⎛=−= πσσ                                          (172) 
 
Therefore, the total force-stress tensor is 
( ) [ ]
( ) ( ) 3
2
0 1 2 3
1 3
1 1 2 2
4 1
41 2 2
1
F F F
q
q
x x x x x x
a
r r r
x x x x x xr l r lK K a
r l r l rr r
x x x xrK a
l l r r
βα βα βα
βρ α αρ β αβ ρ α β ρ
ρ
αβ ρ βρ α αρ β α β ρ
βρ α α β ρ
σ σ σ
δ δ δνπ ν
δ δ δ
π
δ
π
= + =
+ −⎡ ⎤− − +⎢ ⎥− ⎣ ⎦
+ +⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞+ + − −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞⎛ ⎞+ −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
      (173) 
 
and for the force-traction vector, we have  
 
( )
( ) ( ) 3
2
0 1 2 3
1 3
1 1 2 2
4 1
41 2 2
1
n F F
q
t n
n x x n n x x x x n
a
r r r
n x n x x n x x x nr l r lK K a
r l r l rr r
n x x x x nrK a
l l r r
α βα β
ρ α αρ β β α ρ α ρ β β
ρ
α ρ ρ α αρ β β α ρ β β
ρ
ρ α α ρ β β
σ
δνπ ν
δ
π
π
= =
+ −⎡ ⎤− − +⎢ ⎥− ⎣ ⎦
+ +⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞+ + − −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞⎛ ⎞+ −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
     (174) 
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while for moment-traction, we obtain 
 
( ) 2
0 1 2 2
2
0 1 2
1 2 2
1
n F x x nr l r lm n K K a
l r l r r
r l r lK K n a
l r l r
βα α ρ β
βα α β ρ
βρ β ρ
εε μ π
επ
⎡ ⎤⎛ ⎞ ⎛ ⎞= = + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞− + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎣ ⎦
             (175) 
 
 
Finally we can consider the following relations    
 
ραρα aUu
FF =                                                                 (176) 
ρρω aΩ FF =                                                                 (177) 
F F aβα βαρ ρσ = Σ                                                               (178) 
ραραμ aFF Μ=                                                                 (179) 
( )
ραρα aTt
FFn =                                                                 (180) 
( )
ρρ aMm
FFn =                                                               (181) 
where the fundamental solutions FUαρ , 
FβαρΣ , FαρΜ  and FTαρ  represent the corresponding 
displacement, force-stress, couple-stress and force-traction, respectively, at x  due to a 
unit concentrated force in the ρ -direction at the origin.  Furthermore, the Green’s 
functions FΩρ  and 
FM ρ  represent the corresponding rotation and moment-traction, 
respectively, at x .  From the above relations, one can establish 
( ) ( ) 2
2 2
0 1 0 12 2 2
1 3 4 ln
8 1
1 2 2 1
2 2
F x xU r
r
x xr l r l r l r lK K K K
l r l l r lr r r
α ρ
αρ αρ
α ρ
αρ
ν δπμ ν
δπμ πμ
⎡ ⎤= − − −⎢ ⎥− ⎣ ⎦
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + − − + −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
   (182) 
r
x
r
l
l
rK
l
ΩF ααρρ
ε
πμ ⎥⎦
⎤⎢⎣
⎡ −⎟⎠
⎞⎜⎝
⎛= 14
1
                                               (183) 
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1 1 2 2
4 1
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1
F x x x x x x
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x x x x x xr l r lK K
r l r l rr r
x x x xrK
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βρ α αρ β αβ ρ α β ρ
βαρ
αβ ρ βρ α αρ β α β ρ
βρ α α β ρ
δ δ δνπ ν
δ δ δ
π
δ
π
+ −⎡ ⎤= − − +⎢ ⎥− ⎣ ⎦
+ +⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞+ + − −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞⎛ ⎞+ −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
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⎞⎜⎝
⎛+⎟⎠
⎞⎜⎝
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⎡ −⎟⎠
⎞⎜⎝
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l
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r
l
l
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( ) ( ) 3
2
0 1 2 3
1 3
1 1 2 2
4 1
41 2 2
1
F n x x n n x x x x nT
r r r
n x n x x n x x x nr l r lK K
r l r l rr r
n x x x x nrK
l l r r
ρ α αρ β β α ρ α ρ β β
αρ
α ρ ρ α αρ β β α ρ β β
ρ α α ρ β β
δνπ ν
δ
π
π
+ −⎡ ⎤= − − +⎢ ⎥− ⎣ ⎦
+ +⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞+ + − −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
⎛ ⎞⎛ ⎞+ −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
   (186) 
2
0 1 2 2
2
0 1 2
1 2 2
1
F x x nr l r lM K K
l r l r r
r l r lK K n
l r l r
βα α ρ β
ρ
βρ β
ε
π
επ
⎡ ⎤⎛ ⎞ ⎛ ⎞= + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞− + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎣ ⎦
                             (187) 
 
3.3 Concentrated Couple 
Now, assume that there is a line distribution of couple load along the x3 axis with unit 
intensity per unit length.  This distributed load can be represented by a body couple  
( ) ( )2 3δ=C x e                                                        (188) 
As we mentioned earlier, similar to three-dimensional case, the effect of a body couple in 
an infinite domain is equivalent to the result of a body force represented by 
( )( ) ( ) αβαβδεδ eexCF 2,32 2
1
2
1
2
1 =×∇=×∇=C                              (189) 
 
Therefore, it is seen that the solutions of the two problems of concentrated force 
( ) ( )2δ=F x a  and concentrated couple ( ) ( )2 3δ=C x e  are related, such that 
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γβγααβε eu FC U ,2
1=                                                 (190) 
or 
FC Uu βαγγβα ε ,2
1=                                                   (191) 
 
Thus, we have 
r
x
r
l
l
rK
l
uC γαγα
ε
πμ ⎥⎦
⎤⎢⎣
⎡ −⎟⎠
⎞⎜⎝
⎛= 14
1                                    (192) 
and we can write the gradient of displacement as 
αβ
βγαγ
βα επμ
ε
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⎤⎢⎣
⎡ −⎟⎠
⎞⎜⎝
⎛+⎥⎦
⎤⎢⎣
⎡ −⎟⎠
⎞⎜⎝
⎛+⎟⎠
⎞⎜⎝
⎛−=
r
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l
rK
rlr
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l
l
rK
r
l
l
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l
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2
102,
1
4
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4
1      (193) 
 
Therefore, the strain tensor is  
22
2
102
22
8
1
r
xxxx
r
l
l
rK
r
l
l
rK
l
eC αγβγβγαγαβ
εε
πμ
+
⎥⎦
⎤⎢⎣
⎡ −⎟⎠
⎞⎜⎝
⎛+⎟⎠
⎞⎜⎝
⎛−=                 (194) 
 
It is interesting to note that  
0, == CC ue γγγγ                                                     (195) 
which means the deformation field of a concentrated couple is equivoluminal, a property 
shared by the three-dimensional case.  Then, the symmetric part of the force-stress tensor 
is 
( ) 22
2
102
22
4
12
r
xxxx
r
l
l
rK
r
l
l
rK
l
eCC αγβγβγαγβαβα
εε
πμσ
+
⎥⎦
⎤⎢⎣
⎡ −⎟⎠
⎞⎜⎝
⎛+⎟⎠
⎞⎜⎝
⎛−==
         
(196)
 
 
We also have for in-plane rotation  
, 02
1 1
2 8
C C ru K
llαβ β α
ω ε πμ
⎛ ⎞= = ⎜ ⎟⎝ ⎠                                    (197) 
 
 
and the mean curvature vector is 
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βαβα
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πμωεκ ⎟⎠
⎞⎜⎝
⎛−== 13, 16
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Therefore, the couple-stress vector becomes 
r
x
l
rK
l
l CC βαβαα
ε
πκμμ ⎟⎠
⎞⎜⎝
⎛=−= 12 2
18                                 (199) 
 
For the skew-symmetric part of  force-stress tensor, we have 
[ ] [ ] αββαβα επμσ ⎟⎠
⎞⎜⎝
⎛=−=
l
rK
l
FF
02, 4
1
                                    (200) 
with the non-zero components 
[ ] [ ] ⎟⎠
⎞⎜⎝
⎛=−=
l
rK
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CC
021221 4
1
πσσ                                                 (201) 
 
Therefore, for the total force-stress tensor, we have 
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1 2 2 1
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x x x xr l r l rK K K
l r l ll r r l
βα βα βα
αγ γ β βγ γ α
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σ σ σ
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= +
+⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + − +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦      
(202) 
 
The force-traction vector then becomes 
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x x n x x nr l r l rK K K n
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(203) 
and the moment-traction is given by 
( )
r
nx
l
rK
l
nm FCn βββαβα πμε ⎟⎠
⎞⎜⎝
⎛−== 12
1
                                    (204) 
 
Finally, we have all of the necessary Green’s functions or influence functions for the two-
dimensional case, which can be written 
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nx
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rK
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mM CnC ββπ ⎟⎠
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⎛−== 12
1
                                        (210) 
where CUα , 
CβαΣ , CαΜ  and CTα  represent, respectively, the corresponding displacement, 
force-stress, couple-stress and force-traction at x  caused by a unit in-plane concentrated 
couple at the origin.  Meanwhile, CΩ  and CM  represent the respective corresponding 
rotation and moment-traction at x  due to this unit in-plane concentrated couple at the 
origin. 
 
4.  Conclusions 
We have derived the three- and two-dimensional fundamental solutions for isotropic size-
dependent couple stress elasticity, based upon the fully determinate couple-stress theory.  
Recall that this new theory resolves all of the difficulties present in previous attempts to 
construct a viable size-dependent elasticity.  Furthermore, since in this theory, body 
couples do not appear in the constitutive relations and everything depends on only a 
single size-dependent material constant, all expressions for the fundamental solutions are 
elegantly consistent and quite useful in practice.  In particular, these solutions can be used 
directly as influence functions to analyze infinite domain problems or as kernels in 
integral equations for numerical analysis.  For example, a boundary element method for 
 34
plane problems of couple stress elasticity is developed in [19], based upon these 
fundamental solutions.  Future work will include the formulation of boundary element 
methods for linear elastic fracture mechanics and for three-dimensional couple stress 
problems. 
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